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Imaging low-frequency and dc electromagnetic
fields using a simple linear approximation

M. A. Pérez-Flores∗, S. Méndez-Delgado‡,
and E. Gómez-Treviño∗

ABSTRACT

We consider that all types of electromagnetic measure-
ments represent weighted averages of the subsurface
electrical conductivity distribution, and that to each type
of measurement there corresponds a different weighting
function. We use this concept for the quantitative in-
terpretation of dc resistivity, magnetometric resistivity,
and low-frequency electric and magnetic measurements
at low induction numbers. In all three cases the corre-
sponding inverse problems are nonlinear because the
weighting functions depend on the unknown conductiv-
ity distribution. We use linear approximations that adapt
to the data and do not require reference resistivity val-
ues. The problem is formulated numerically as a solution
of a system of linear equations. The unknown conduc-
tivity values are obtained by minimizing an objective
function that includes the quadratic norm of the resid-
uals as well as the spatial derivatives of the unknowns.
We also apply constraints through the use of quadratic
programming. The final product is the flattest model that
is compatible with the data under the assumption of the
given weighting functions. This approximate inversion
or imaging technique produces reasonably good results
for low and moderate conductivity contrasts. We present
the results of inverting jointly and individually different
data sets using synthetic and field data.

INTRODUCTION

It has long been recognized that apparent resistivity mea-
surements represent some kind of weighted average of the sub-
surface electrical resistivity distribution. Early in the century
Conrad Schlumberger inaugurated the use of the concept as
a qualitative method for interpreting dc resistivity data (e.g.,
Rust, 1938). Later on, Cagniard (1953) extended the concept
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to the MT method, again with the idea of making directly from
the measurements a quick estimate of the subsurface resistiv-
ity distribution. Normalizing the raw data to convert them into
apparent resistivity, or its reciprocal apparent conductivity, is
presently a widespread tradition in geoelectromagnetism [re-
fer to Spies and Eggers (1986) for an extensive discussion on
past and present uses of this concept]. What is of interest here
is that apparent resistivity provided the first clue for viewing
electromagnetic (EM) data as weighted spatial averages of the
subsurface true resistivity distribution. We all look at a pseu-
dosection and, aided by experience, attempt to reconstruct the
subsurface structure. This type of qualitative interpretations
can be reasoned out as, so to say, mental attempts to deaverage
the data and obtain an approximate image of the true resis-
tivity section. The objective of our work is to transform this
intuitive approach into a quantitative process for a variety of
electrical and EM methods. Our intent is to develop an imaging
technique or approximate inverse method that could produce
reasonably good results in a variety of situations with a mini-
mum of assumptions. Existing imaging methods invariably rely
on perturbations about a reference model (e.g., Cavazos-Garza
and Gómez-Treviño, 1989; Li and Oldenburg, 1992; Loke and
Barker, 1995). Although the resulting algorithms are robust,
a reference resistivity value is needed to link the data to the
model.

The first thing one must consider for a direct relationship
between the apparent and true quantities is the form of the
weighting functions. That is, we need a special mathematical
representation for the measurements. For this purpose we use
the integral equations described by Gómez-Treviño (1987). In
this formulation any EM measurement can be represented as a
weighted average of the subsurface conductivity distribution.
The averages are nonlinear in the sense that the weighting func-
tions themselves depend on conductivity. This is a major draw-
back because this is precisely the property we are trying to
recover. There is very little that one can do to remedy the situ-
ation because, in general, Maxwell’s equations are themselves
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nonlinear with respect to conductivity. However, it is possible
to assume an initial model to compute the weighting functions
and then, using linear analysis, proceed to estimate the con-
ductivity distribution under that assumption. The estimated
conductivity may then be used to update the weighting func-
tions in order to estimate a new distribution; the process can
continue until it reaches convergence. This aspect of the inte-
gral equations was considered in Esparza and Gómez-Treviño
(1996, 1997) in relation to the interpretation of 1-D MT and dc
Schlumberger resistivity soundings.

In this paper we present our work for geoelectrical methods
that accept approximations which do not depend on electri-
cal conductivity. The nonlinear dependence is approximated
as a linear relation by assuming a homogeneous ground of ar-
bitrary conductivity in the way of adaptive approximations.
Our previous experience with dc resistivity algorithms that
required starting models for media with low resistivity con-
trasts (Cavazos-Garza and Gómez-Treviño, 1989; Esparza and
Gómez-Treviño, 1989) led us to the present, more direct ap-
proach. Here, the measurements are represented as linear spa-
tial averages; the weighting functions are always the same,
regardless of the absolute values and spatial variations of
conductivity.

We present developments and applications in two dimen-
sions for traditional dc resistivity data, magnetometric resis-
tivity (MMR) measurements, and low-frequency electric and
magnetic fields at low induction numbers (LIN). We have inte-
grated in this paper our work of several years (e.g., Pérez-Flores
et al., 1992; Pérez-Flores and Gómez-Treviño, 1992; Méndez-
Delgado et al., 1995). A number of images generated with
the algorithm for dc resistivity data were included in Pérez-
Flores and Gómez-Treviño (1997). They correspond to long-
offset dipole–dipole data sets from a geothermal area in Cen-
tral America. Apart from a succinct outline of the dc resistivity
imaging technique, no details were included about the mathe-
matical bases of the algorithm. Here, we describe these bases,
along with the ones for the other geoelectrical methods. De-
tails not included here can be found in Pérez-Flores (1995) and
Méndez-Delgado (1997).

NONLINEAR EQUATIONS

We begin by considering that Maxwell’s equations for quasi-
static fields allow for the existence of integral equations of the
form

E(r, σ, ω)−ω
∂E(r, σ, ω)

∂ω
= −

∫
v′

GE(r, r′, σ, ω)σ (r′) d3r ′

(1)
and

ω
∂H(r, σ, ω)

∂ω
=

∫
v′

GH (r, r′, σ, ω)σ (r′) d3r ′, (2)

where GE is the Fréchet derivative of the electric field E with
respect to the conductivity distribution σ, GH is the Fréchet
derivative of the magnetic field H with respect to σ, v′ is the
domain of σ, r′ is the position vector for points within v′, ω rep-
resents angular frequency, and r is a position vector for points
either within or outside v′. Equations (1) and (2) are derived
by Gómez-Treviño (1987) directly from Maxwell’s equations.

The components of vector functions GE and GH are the
scalar Fréchet derivatives of the components of E and H, re-

spectively. The vector functions GE and GH can be related to
dyadic Green’s functions ḠE and ḠH , respectively, through
the classical scattering equations currently in use in forward
modeling (Weidelt, 1975; Hohmann and Raiche, 1987; Méndez-
Delgado et al., 1999). Considering that small changes in a model
produce small changes in the fields, the approximate, linearized
scattering equations can be written as

δE(r, σ, ω) =
∫

v′
ḠE(r, r′, σ, ω) · E(r′, σ, ω)δσ (r′) d3r ′

(3)
and

δH(r, σ, ω) =
∫

v′
ḠH (r, r′, σ, ω) · E(r′, σ, ω)δσ (r′) d3r ′,

(4)
where ḠE and ḠH represent the corresponding electric and
magnetic dyadic Green’s functions for the medium of conduc-
tivity σ . The values δE and δH represent small perturbations in
the electric and magnetic fields, respectively, associated with a
small perturbation δσ in σ . By inspection, the part of the inte-
grand that multiplies δσ in equations (3) and (4) corresponds
to the Fréchet derivative in each case. Taking this into account,
equations (3) and (4) can be written explicitly as

E(r, σ, ω) − ω
∂E(r, σ, ω)

∂ω
= −

∫
v′

ḠE(r, r′, σ, ω)

· E(r′, σ, ω)σ (r′) d3r ′ (5)

and

ω
∂H(r, σ, ω)

∂ω
=

∫
v′

ḠH (r, r′, σ, ω) · E(r′, σ, ω)σ (r′) d3r ′.

(6)
Equations (5) and (6) are nonlinear with respect to electrical

conductivity because their kernels depend on σ . The recovery
of σ from a given set of data can be approached in several differ-
ent ways using these equations. Esparza and Gómez-Treviño
(1996, 1997) assume a starting model for the kernel functions
and recover σ using numerical methods. Then they update the
kernel functions with the new σ and recover σ again in a pro-
cess that converges after a few iterations. It is also possible in
some cases to approximate the complicated variations of the
kernels by means of a simple adaptive function and obtain rea-
sonably good results in a single iteration (e.g., Esparza et al.,
1993; Smith et al., 1994; Gómez-Treviño, 1996).

Let us consider that electric and magnetic fields associated
with dc equations (5) and (6) reduce to

E0(r, σ ) = −
∫

v′
Ḡ0

E(r, r′, σ ) · E0(r′, σ )σ (r′) d3r ′ (7)

and

0 =
∫

v′
Ḡ0

H (r, r′, σ ) · E0(r′, σ )σ (r′) d3r ′. (8)

In this case all quantities are real. The superscript 0 indicates
that the fields as well as the dyadic Green’s functions all cor-
respond to ω = 0. Equation (8) indicates that, regardless of the
conductivity distribution, the kernel or weighting function for
magnetic fields is such that it averages σ (r′) to zero. This is a
reflection of a well-known fact in MMR theory, that only ratios
of conductivity can be recovered using dc magnetic fields (e.g.,
Gómez-Treviño and Edwards, 1979; Edwards and Nabighian,
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1991). In the following section we show how equation (8) can
be used to recover these ratios.

In the case of low-frequency fields, we use asymptotic forms
for decreasing frequency. In Méndez-Delgado et al. (1999) we
consider the same limit in relation to forward modeling and
obtain simple but general relationships for the fields. Using a
power series representation in terms of ω and substituting in
Maxwell’s equations, it is relatively easy to show that, regard-
less of the conductivity distribution, the coefficients associated
with even powers must be real and those associated with odd
powers must in turn be imaginary. This means that in the case of
inductive sources, the asymptotic electric field is imaginary and
proportional to frequency. This can be expressed as E = iωE1,
where E1 is a real vector. The superscript indicates that the
field corresponds to the frequency ω to the first power. Using
the same type of power representation for the dyadic Green’s
functions, it can be shown that we must use in this case Ḡ0

E , the
same function as for direct current. Substituting E = iωE1 and
ḠE = Ḡ0

E in equation (5) results in

0 =
∫

v′
Ḡ0

E(r, r′, σ ) · E1(r′, σ )σ (r′) d3r ′. (9)

Equation (9) corresponds to electric field measurements at
very low frequency, or, as they are frequently called, measure-
ments in the resistive limit or at low induction numbers. Re-
gardless of the conductivity distribution, equation (9) indicates
that the kernel or weighting function is such that it averages
σ (r′) to zero. As in the case of MMR data, it is not possible
to estimate the conductivity distribution using inductive elec-
tric fields in the resistive limit. This is a well-known fact in
time-domain EM methods (e.g., Macnae, 1981). Again, one
can recover only ratios of conductivity with this type of data.

The magnetic field of an inductive source has both
real and imaginary components. This can be expressed as
H = H0 + iωH1, where both H0 and H1 are real vectors. The
value H0 is the in-phase component of the magnetic field,
and H1 is its out-of-phase or quadrature component. As in
the previous case, the dyadic Green’s function that we must
use for fields proportional to ω is zero frequency. Substituting
H = H0 + iωH1, E = iωE1, and ḠH = Ḡ0

H in equation (6) results
in

H1(r, σ ) =
∫

v′
Ḡ0

H (r, r′, σ ) · E1(r′, σ )σ (r′) d3r ′. (10)

We began with the general equations (1) and (2) and pro-
ceeded to obtain equations (7)–(10) for the particular prob-
lems at hand. Equations (7) and (8) hold for dc EM fields, and
equations (9) and (10), although they are independent of fre-
quency, hold for fields associated with inductive sources at very
low frequencies. All equations are real, and all make use of the
same dyadic Green’s function corresponding to dc fields. The
main difficulty in recovering σ from a given set of data is that
the kernels or weighting functions depend on a complicated
manner of geometry and electrical conductivity distribution.

LINEAR APPROXIMATIONS

We consider seven different combinations of electric and
magnetic dipoles, illustrated in Figure 1. The first case cor-
responds to measurements of magnetic fields at low induc-
tion numbers, using pairs of vertical and horizontal magnetic

dipoles (Figure 1a). For MMR measurements we consider a
moving array composed of an electric dipole and a direc-
tional magnetometer. The system can operate in two modes
(Méndez-Delgado et al., 1999). In the case shown in Figure 1b,
the predominant currents flow along the profile; this mode is
called MMR-TM. In the other mode, represented in Figure 1c,
the predominant currents flow perpendicular to the profile;
it is called MMR-TE. In the case of electric field measure-
ments at low induction numbers, the arrays are named LIN-TM
and LIN-TE and correspond, by reciprocity, to their MMR
counterparts. The array for the LIN-TM mode is presented in
Figure 1d; the array for LIN-TE is in Figure 1e. Figure 1f illus-
trates the standard dipole–dipole array used for traditional dc
resistivity measurements. In what follows we develop for each
of these arrays a relation that represents the measurements as
weighted averages of the subsurface conductivity or resistivity
distribution.

Vertical and horizontal magnetic dipoles

In general, the magnetic field of an inductive source in the
LIN variation range can be written as H = H0 + iωH1. In the
particular case of a vertical magnetic dipole source placed on
the surface of a homogeneous half-space of electrical conduc-
tivity σh , the vertical magnetic field at the same level is given
as (e.g., McNeill, 1980; Wait, 1982)

H 0
z = − mz

4πs3
(11)

and

H 1
z = −mzµ0

16πs
σh, (12)

wheremz is the magnetic moment of the dipole, µ0 is the perme-
ability of free space, and s represents the transmitter–receiver
separation shown in Figure 1a. Equation (12) can be used to
normalize the measured magnetic field so that it has the units
of conductivity. Apparent conductivity is defined in this case
as (McNeill, 1980)

σa,z = 4
µ0s2

H 1
z

H 0
z

= − 16πs

mzµ0
H 1
z . (13)

The next thing to consider is the approximation of Ḡ0
H and E1

in equation (10) with analytical expressions corresponding to
a homogeneous half-space. These expressions are taken from
Méndez-Delgado et al. (1999) and are included in Tables 1 and
2. Substituting the vertical component of H1 from equation
(10) into equation (13) results in

σa,z(r, rS) = − 16πs

mzµ0

∫
v′

G0
Hz(r, r′) · E1

hz(r′, rS)σ (r′) d3r ′,

(14)

where the vectors rS and r correspond to the positions of the
source and receiver, respectively. The vector G0

Hz represents
the third row of Ḡ0

H , and E1
hz stands for the electric field within

a homogeneous half-space of conductivity σh , produced by a
magnetic dipole directed along the z-axis. Tables 1 and 2 show
that neither E1

hz nor G0
Hz depends on σh . This means that in

equation (14), σa,z is a geometrical average of σ (r′), given that
the weighting function depends only on geometry. This is of
course an approximation because, in general, both the Green’s
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function and the internal electric field depend on the conductiv-
ity distribution. It is worth mentioning that equation (14) is ex-
act in 1-D media, regardless of the variation of σ with depth. In-
tegrating over the horizontal coordinates, equation (14) leads
to the well-known 1-D integral equation for EM soundings
in the resistive limit (e.g., Wait, 1982; Esparza and Gómez-
Treviño, 1987).

The steps to obtain the approximate equation for horizon-
tal magnetic dipoles are very similar to those used for equa-
tion (14). The formula for apparent conductivity is the same as
equation (13) (e.g., McNeill, 1980; Wait, 1982), except that the
source is now directed in the y-direction and the y-component

FIG. 1. Transmitter and receiver configurations for the arrays considered in this work. (a) Vertical and horizontal magnetic dipoles;
(b) MMR-TM array; (c) MMR-TE array; (d) LIN-TM array; (e) LIN-TE array; and (f) dc dipole–dipole resistivity array.

of the magnetic field is measured. Considering this component
in equation (10) and using the corresponding formula for σa,y ,
the final result can be written as

σa,y(r, rS) = − 16πs

myµ0

∫
v′

G0
Hy(r, r′) · E1

hy(r′, rS)σ (r′) d3r ′,

(15)
where my is the magnetic moment of the dipole, the vector
G0

Hy represents the second row of Ḡ0
H , and E1

hy is the elec-
tric field within the homogeneous half-space of conductivity
σh , now produced by a magnetic dipole directed along the
y-axis. The analytical expression for E1

hy (Méndez-Delgado
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et al., 1999) is given in Table 1. The weighting function in this
case algebraically more complicated, but it has the same basic
features as before. The most important feature is that it does
not depend on conductivity, so the two cases can be treated in
parallel.

Magnetometric resistivity

To obtain the approximate relations for MMR data, con-
sider a perturbation in conductivity given by δσ = σ − σh in
equation (4). This implies that σ = σh + δσ , which by inspec-
tion indicates that the Fréchet derivative must be evaluated
at σh . If we then consider that ω = 0 and separate the integral
into two parts, one involving σ and the other σh , it is clear that

Table 1. Electric fields within a homogeneous half-space of conductivity σh as produced by magnetic dipoles at low induction
numbers, and dc electric fields within the same half-space as produced by a finite electric dipole. In both cases the sources are
considered to rest on the surface of the half-space.

Magnetic dipole Electric field

y-direction E1
hy(r, rS) = −µ0my

4π

{[
1
ρ2

− z

ρ2|r − rS| − (y − yS)2

ρ2
C

]
î + (x − xS)(y − yS)

ρ2
C ĵ

}

z-direction E1
hz(r, rS) = −µ0mz

4π

[
−(y − yS)
|r − rS|3 î + (x − xS)

|r − rS|3 + ĵ

]

r = xî + y ĵ + zk̂, rS = xSî + yS ĵ + 0k̂, C = 2
ρ2

− 2z
ρ2|r − rS| − z

|r − rS|3
ρ2 = (x − xS)2 + (y − yS)2

Finite elctric dipole E0
h(r, rA, rB) = I

2πσh

[
(r − rA)
|r − rA|3 − (r − rB)

|r − rB |3
]

rA = xSî + yS ĵ + 0k̂
For finite electric dipole in the x-direction, E0

h = E0
hx and rB = (xS + a)î + yS ĵ + 0k̂.

For finite electric dipole in the y-direction, E0
h = E0

hy and rB = xSî + (yS + a) ĵ + 0k̂.

Table 2. dc electric and magnetic dyadic Green’s functions for a homogeneous half-space of conductivity σh . Both Green’s
functions also apply to the case of EM induction at low induction numbers.

Electric dyadic Green’s function

Ḡ0
E(r, r′) = 1

2πσh |r − r′|3




3(x − x ′)2

|r − r′|2 − 1
3(x − x ′)(y − y′)

|r − r′|2 −3(x − x ′)z′

|r − r′|2
3(x − x ′)(y − y′)

|r − r′|2
3(y − y′)2

|r − r′|2 − 1 −3(y − y′)z′

|r − r′|2

−3(x − x ′)z′

|r − r′|2 −3(y − y′)z′

|r − r′|2
3(−z′)2

|r − r′|2 − 1




Magnetic dyadic green’s function

Ḡ0
H (r, r′) = 1

4π




− (x − x ′)(y − y′)
ρ2

C
(x − x ′)2

ρ2
C − 1

ρ2
+ z′

ρ2|r − r′| 0

1
ρ2

− z′

ρ2|r − r′| − (y − y′)2

ρ2
C

(x − x ′)(y − y′)
ρ2

C 0

(y − y′)
|r − r′|3 − (x − x ′)

|r − r′|3 0




r = xî + y ĵ + 0k̂, r′ = x ′ î + y′ ĵ + z′k̂, C = 2
ρ2

− 2z′

ρ2|r − r′| − z′

|r − r′|3
ρ2 = (x − x ′)2 + (y − y′)2

the one with σh as a factor must necessarily vanish in light of
equation (8). Equation (4) then reduces to

H0(r) − H0
h(r) =

∫
v′

Ḡ0
H (r, r′) · E0

h(r′, rA, rB, σh)σ (r′) d3r ′,

(16)

where the vectors rA and rB correspond to the positions of
electrodes of the source and r corresponds to the position of
the magnetic receiver. H0 represents the measured magnetic
field, and H0

h is the corresponding magnetic field that would
be measured over a homogeneous half-space in the same lo-
cation; E0

h represents the electric field within a homogeneous
half-space of conductivity σh produced by the electric source.
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In the MMR-TM array shown in Figure 1b, we measure the
y-component of the magnetic field associated with an electric
dipole source directed along the x-axis. The definition of MMR
anomaly (Edwards, 1974) includes normalization by the ex-
pected field over a homogeneous earth. For this array we have

MMR-TM anomaly (%) = 100
H 0
hy(r, rA, rB)

∫
v′

G0
Hy(r, r′)

·E0
hx(r′, rA, rB, σh)σ (r′) d3r ′,

(17)

where the normal field H 0
hy is given as

H 0
hy(r, rA, rB) = I

4π

[
1

(n + 1)a
− 1
na

]
. (18)

The variables n and a that define the array are represented in
Figure 1b; I is the current in the dipole. As in equation (15), the
vector G0

Hy represents the second row of the magnetic dyadic
Green’s function for direct current presented in Table 2. This
function does not depend on conductivity. E0

hx is the electric
field within a homogeneous half-space of conductivity σh ,
produced by a finite electric dipole directed along the x-axis
(Table 1). However, in this case E0

hx is proportional to (σh)−1.
This means the weighting function for σ in equation (17) is
not independent of conductivity as in the case of magnetic
measurements in the resistive limit. What we do in this case
is to consider (σ/σh) as the unknown. This is not just a way of
forcing the weighting function to depend only on geometry.
Rather, this is the natural way to approach MMR anomalies
since it is impossible to recover absolute values of conductivity.

For the MMR-TE array we must have

MMR-TE anomaly (%) = 100
H 0
hz(r, rA, rB)

∫
v′

G0
Hz(r, r′)

·E0
hy(r′, rA, rB, σh)σ (r′) d3r ′,

(19)

where the normal field H 0
hz is given as

H 0
hz(r, rA, rB) = I

2πn

{ −1
[(2na)2 + a2]1/2

}
. (20)

The vector G0
Hz represents the third row of the magnetic dyadic

Green’s function included in Table 2; E0
hy is given in Table 1

and represents the electric field within a homogeneous half-
space of conductivity σh produced by a source that, in this
case, is directed along the y-axis. The MMR-TE array is il-
lustrated in Figure 1c. The currents near the magnetometer
flow perpendicular to the profile of measurements when the
array moves over the x-axis, a situation that resembles the TE
mode in MT terminology. In the MMR-TM mode, the currents
flow predominantly along the profile, a situation that in turn
resembles the TM mode in MT studies. We use this terminol-
ogy in the case of electric field measurements at low induction
numbers.

Electric fields at low induction numbers

The development of the integral relations for this case is sim-
ilar to the derivation for MMR data, except that now we must
consider fields that are proportional to frequency. In general,

the electric fields of an inductive source in the LIN variation
range can be written as E = iωE1, where E1 is a real vector. Us-
ing equation (3) for this case with a perturbation δσ = σ − σh
and breaking the integral into two parts, one involving σ and
the other σh , it is clear that the one which contains σh as a factor
must necessarily vanish in virtue of equation (9). Equation (3)
then reduces to

E1(r) − E1
h(r) =

∫
v′

Ḡ0
E(r, r′, σh) · E1

h(r′, rS)σ (r′) d3r ′,

(21)

where the vectors rS and r correspond to the positions of source
and receiver, respectively. E1 represents the measured electric
field, and E1

h is the corresponding field that would be measured
over a homogeneous half-space in the same location. In the
LIN-TM array shown in Figure 1d, the currents are produced
by a horizontal magnetic dipole directed along the y-axis, and
the electric field is sensed using a grounded wire that lies over
the x-axis. The currents flow along the x-axis near the wire.
Since the array moves over this same axis, we have a situation
similar to that in the MMR-TM mode. We use the same type
of normalization; the anomalous voltage measured with the
electric line is divided by the normal voltage expected over a
homogeneous ground (�V 1

hx). The anomaly in this case can be
written as

LIN-TM anomaly (%) = 100

�V 1
hx

∫
v′

[
U0
h(rN , r′, σh)

−U0
h(rM , r′, σh)

]
· E1

hy(r′, rS)σ (r′) d3r ′, (22)

where

U0
h(r, r′, σh) = 1

2πσh

(r − r′)
|r − r′|3 , (23)

rM and rN are the positions of potential electrodes, and

�V 1
hx(rS, rM , rN ) = −µ0my

4π

[
1

(n + 1)a
− 1
na

]
. (24)

The dyadic Green’s function for the electric field in equation
(21) is replaced by the indicated vector function U0

h , which
comes from integrating the first row of the original dyad. The
value E1

hy(r′, rS) is the electric field within the homogeneous
half-space produced by the magnetic dipole directed along the
y-axis and located at rS .

Proceeding in the same way as for the previous case, the
equation for the complementary LIN-TE mode reduces to

LIN-TE anomaly (%) = 100

�V 1
hy

∫
v′

[
U0
h(rN , r′, σh)

− U0
h(rM , r′, σh)

]
· E1

hz(r′, rS)σ (r′) d3r ′, (25)

where

�V 1
hy(rS, rM , rN ) = −µ0mz

2πn

{ −1
[(2na)2 + a2]1/2

}
. (26)

The LIN-TE array is illustrated in Figure 1e. In this case the
electric currents produced by the vertical magnetic dipole flow
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predominantly along the sensing grounded wire that lies paral-
lel to the y-axis. In equation (25), E1

hz is the electric field within
the homogeneous half-space produced by the vertical magnetic
dipole located at rS . The vector Green’s function U0

h in equa-
tion (25) comes from integrating the original electric dyad over
the length of the wire. Working out equations (22) and (25),
explicitly it turns out that they are equivalent to equations (17)
and (19), respectively. This can be best appreciated in the Ap-
pendix, where we present the algebraic expressions for the dif-
ferent weighting functions. The equivalence can be traced back
to the reciprocity theorem in electromagnetism, of which the
present example is nothing but a particular case. When the
same arrays are considered in relation with forward modeling
(Méndez-Delgado et al., 1999), this equivalence is not explicit
in the scattering equations. The equivalence emerges with the
computation of the corresponding anomalies. In the present
case the explicit equivalence of the corresponding weighting
functions implies that the approximation automatically obeys
the reciprocity theorem.

dc resistivity

We will consider for the moment that the resistivity measure-
ments are taken with the pole–pole array, which consists of only
two electrodes: one for injecting current and one for measur-
ing the electric potential. Integrating the x-component of the
electric field in equation (7) along the x-axis from x = −∞ to
a given point and also integrating the first row of the dyadic
Green’s function in the same way, it turns out that equation (7)
becomes

V 0(r, rS) = −
∫

v′
U0(r, r′, σ ) · E0(r′, rS, σ )σ (r′) d3r ′,

(27)

where V 0 represents the measured electric potential and U0

is the corresponding Green’s function, which in this case is a
vector. Using the expression for the potential associated with
a homogeneous half-space to normalize the measurements so
that they have the units of resistivity, equation (27) can be
written for the apparent resistivity ρa as

ρa(r, rS) = −2π |r − rS|
I

∫
v′

U0(r, r′, σ )

· E0(r′, rS, σ )σ (r′) d3r ′. (28)

It is convenient at this point to consider ρa as a weighted av-
erage of ρ(r′) and not of σ (r′), as in equation (28). This can be
accomplished by multiplying and dividing by ρ(r′) within the
integral sign. The result is

ρa(r, rS) = −2π |r − rS|
I

∫
v′

σ 2(r′)U0(r, r′, σ )

· E0(r′, rS, σ )ρ(r′) d3r ′. (29)

Still another change of variables is required for making equa-
tion (29) appropriate in a wide variety of applications. This has
to do with the way the measurements respond to zones of low
and high resistivity. Experience indicates that this response is
logarithmic. To take this into account, we multiply and divide
the left-hand side of equation (29) by log ρa . Then we multiply
and divide within the integral sign by log ρ(r′). Rearranging
terms, we can write the result as

log ρa(r, rS) = −2π |r − rS|
I

∫
v′

log ρa

log ρ(r′)
ρ(r′)
ρa

× σ 2(r′)U0(r, r′, σ ) · E0(r′, rS, σ )

× log ρ(r′) d3r ′. (30)

Assuming now that the different quantities that comprise the
weighting function correspond to those associated with the ho-
mogeneous half-space of conductivity σh , equation (30) simpli-
fies to

log ρa(r, rS) = −2π |r − rS|
I

∫
v′

σ 2
h U0

h(r, r′, σh)

· E0
h(r′, rS, σh) log ρ(r′) d3r ′. (31)

Considering that U0
h and E0

h are both proportional to (σh)−1,
the weighting function in equation (31) that relates log ρa to
log ρ(r′) does not depend on conductivity. We now have for
the dipole–dipole array an equation similar to those derived
for the other types of measurements:

log ρa(rA, rB, rM , rN ) = −n(n + 1)(n + 2)a
4π

×
∫

v′
M(rA, rB, rM , rN , r′)

× log ρ(r′) d3r ′, (32)

where

M(rA, rB, rM , rN , r′)= L(rA, rM , r′) − L(rA, rN , r′)

− L(rB, rM , r′) + L(rB, rN , r′)

(33)

and where

L(ri , r j , r′) = (r′ − ri ) · (r j − r′)
|r′ − ri |3|r j − r′|3 . (34)

The geometry for this array is illustrated in Figure 1f. The values
rA and rB represent the positions of the current electrodes, and
rM and rN define the locations of the potential electrodes.

Before proceeding to the numerical implementation of
the imaging method, let’s review the somewhat unorthodox
steps taken to arrive at equation (31). We refer to the steps of
multiplying and dividing by the same functions where appro-
priate and then rearranging terms to arrive at a preconceived
idea of how ρa should be related to ρ—in this case, log ρa
to log ρ(r′). More than representing a traditional change of
scale, this responds to the will of incorporating what is known
by experience about the behavior of resistivity anomalies.
For instance, consider two anomalous zones, side by side,
of resistivities equal to 10 and 1000 ohm-m, respectively,
immersed in a 100 ohm-m background medium. We know
that the anomalies will be about the same size if considering
log ρa , but not ρa directly. This means we need an approximate
weighting function that depends neither on ρa nor ρ and a
logarithmic function for relating ρa and ρ. The end result is
equation (32). For comparison, in equations (14) and (15)
for magnetic field measurements in the LIN variation range,
while the weighting functions are also independent of the
electrical properties of the ground, apparent conductivity is
related directly to conductivity. In this case we have noted
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that for 1-D variations in conductivity, this is the exact nature
of the relationship. We can thus expect the performance of
equations (14) and (15) will gradually deteriorate when going
from horizontally layered models to vertical tabular bodies.

NUMERICAL METHOD

The integral equations derived in the previous section have
the general form

di =
∫

v′
Ki (r′)m(r′) d3r ′, (35)

where di represents the ith datum andm(r′) is the model. In the
case of magnetic measurements in the resistive limit, di repre-
sents apparent conductivity and m is the conductivity distribu-
tion. In MMR and in LIN electric measurements, di stands for
percentage of anomaly and m is the conductivity distribution
normalized by an arbitrary constant. Finally, for traditional re-
sistivity data di represents the logarithm of apparent resistivity
and m is the logarithm of the resistivity distribution. The ex-
plicit algebraic expressions that we use for the different cases
are given in the Appendix. In this section we describe how we
estimate m(r′) from a given set of data.

The integral equation (35) is transformed into a matrix equa-
tion, considering the ground is discretized into prismatic cells.
The cells have infinite length in the y-direction and are dis-
tributed as shown in Figure 2. Equation (35) becomes

d = A · m, (36)

where d represents a column vector that contains the data
whose number is N . The vector m contains the M unknowns,
and A is an N ×M matrix. Explicitly,

di =
M∑
j=1

Ai jm j , i = 1, N , (37)

where

Ai j =
∫

�x j

∫
�z j

[
2

∫ ∞

0
Ki (x ′, y′, z′) dy′

]
dx ′ dz′. (38)

FIG. 2. Schematic representation of the 2-D grid used to construct the conductivity images.

We assume thatm(r′) is uniform over each cell. We also assume
that m(r′) does not change along the y-direction. In the cases
of traditional resistivity data and measurements at low induc-
tion numbers using vertical magnetic dipoles, the integration
along the y-axis can be evaluated in terms of elliptic integrals
as described in the Appendix. In the other cases the weight-
ing functions are very complicated and numerical integration
is required. In these cases the integral in the y-direction was
computed numerically using Gauss–Legendre quadrature. In
all cases the integrals over the surface elements were computed
by subdivision.

The matrix A has a very important property. The sum of its
elements over any row must equal unity for the cases of tra-
ditional resistivity data and magnetic measurements at low in-
duction numbers. In the cases of MMR and LIN electric fields,
this sum must equal zero. These constraints represent neces-
sary conditions for a properly computed matrix A. More details
are given in the Appendix.

Even though the ground is discretized into cells of uniform
conductivity, the idea is to have as many cells as possible, so as
to approach a continuous variation. In most practical situations
we have a lot more unknowns than data, which implies that in
equation (36) N <M . This means the system of equations is
underdetermined and we must apply some kind of regulariza-
tion. To solve the system, we minimize the following objective
function:

F(m) = 1
2
‖C(d − A · m)‖2 + 1

2
β
[‖∂xm‖2 + ‖∂zm‖2],

(39)

subject to lower and upper bounds mmin
j ≤ m j ≤ mmax

j . The ob-
jective function F(m) contains the quadratic norm of the resid-
uals weighted by the data covariance matrix C and the spatial
derivatives of the parameters weighted by a smoothing param-
eter β. This parameter controls the spatial roughness of the
model, and its use lets us obtain models of minimum structure
that fit the data to the required level (Constable et al., 1987).
In the present case, since we are using only an approximate
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relationship between model and data, it is in appropriate to
look for levels of fit fixed a priori. What we do here is to check
results for different values of β and choose the simplest model
from those that reproduce the main features of the data.

To implement the technique, we used the standard quadratic
programming algorithm of Gill et al. (1986). In their notation
the minimization of F in equation (39) is equivalent to mini-
mize

F(m) = LTm + 1
2

mTSm, (40)

where

L = −ATCTCd, (41)

S = ATCTCA + βDTD, (42)

and

Dm = [∂xm, ∂zm]T . (43)

The matrix S is the Hessian symmetric matrix. We observe
that D provides a kind of intelligent regularization because it
stabilizes the solution and also controls its roughness.

APPLICATIONS

We illustrate in this section the performance of the approxi-
mations, first by means of a numerical experiment and then by
considering application to field data. The computing code was
written in ANSI Fortran 90 and runs on a Sun-IPX worksta-
tion but can be installed in a 386 PC or higher. For example, a
problem with 300 unknowns and 100 measurements requires
20 minutes to calculate A and 0.5 minutes to obtain an image
for a given value of β. Once A has been computed, many con-
ductivity images can be obtained for different β values in a very
short time. This allows for exploring many different solutions.

Synthetic data

The synthetic data we used to test the algorithm are shown
in Figure 3 in the form of pseudosections. The anomalies were
computed using an integral equation technique described by
Méndez-Delgado et al. (1999). Figure 3a shows a section view
of the model, which consists of four 20-ohm-m conductive bod-
ies immersed in a 100-ohm-m resistive host. The pseudosec-
tions represent different spatial averages of the same model.
The degree of distortion in each averaged model is related di-
rectly to the nature of the corresponding weighting function. In
general, the signatures of individual bodies are somewhat com-
plicated and tend to mix with those of the nearby conductors.
In particular, the presence of the deep conductor is difficult to
identify because of the interfering effect of the shallower con-
ductors. The model was constructed with this type of difficulty
in mind.

The images that result from applying the algorithm are
presented in Figure 4. In all cases the images show a con-
ductive zone that correlates well with the deep conductor.
However, there is a very clear hierarchy in the quality of the
images. The image that best resolves the deep conductive
body corresponds to dc resistivity. Next in line is MMR-TE,
followed by MMR-TM. The presence of the vertical conductor
is less obvious in the image obtained from the joint inversion
of vertical and horizontal magnetic dipole data. The reasons
for this are as follows.

If one considers the weighting functions of the different ar-
rays, the one that decays faster with distance is that of direct
current resistivity, followed by the MMR arrays, and at the
end the magnetic dipoles which show the slower decay. On the
other hand, the slower this decay, the larger the interfering ef-
fect of the nearby bodies. This explains to a certain extent the
superiority of the dc resistivity image over that obtained from
the magnetic dipole data. It is worth remembering that in all
three cases the weighting functions depend purely on geom-
etry. Frequency and, consequently, skin depth effects do not
play a part in the formation of LIN EM responses. In the case
of the MMR arrays, it is easier to understand the better perfor-
mance of the TE over the TM mode by considering the physics
involved in each case. The TE mode is relatively more effective
at channeling current along the strike of the conductors than
the TM mode because of the orientation along strike of the
current source. The magnetometer senses these currents and
thus it is able to receive the influence from the deep conductor.

Field data

The field data consist of dc dipole–dipole resistivity, MMR,
and magnetic measurements at low induction numbers from a
site near Tecate, Baja California, Mexico. The purpose of the
surveys was to identify sediment-filled faults affecting construc-
tion of a dam. The dipole–dipole resistivity data were taken
using 50W Bison dc resistivity equipment. For the MMR-TM
measurements we used a Scintrex MFM-3 flux gate magne-
tometer together with the Bison transmitter. For the magnetic
measurements at low induction numbers, we used a Geon-
ics EM-34 pair of coils. The four pseudosections are shown
in Figures 5a–5d.

The results of applying the algorithm to the field data sets
are shown in Figures 5–h. Two of the images were obtained
by jointly inverting two or more types of data. Figure 5g cor-
responds to the joint inversion of magnetic field data using
both vertical and horizontal magnetic dipoles. Figure 5h was
obtained by adding the MMR-TM data as a third companion
to the other two sets. The images show the presence of sev-
eral conductive zones, of which the last two to the right are
sediment-filled faults. Before the survey was made only the
last to the right was recognized as a fault. The other conductive
zone was later confirmed to be associated with a previously un-
known fault. Notice there is some visual indication of the pres-
ence of the conductors in the pseudosections, but these visual
features are difficult to correlate with each other. The pseu-
dosection of apparent resistivity is too complicated to suggest
a model of three surface conductors. On the other hand, the
apparent-conductivity pseudosection for vertical dipoles sug-
gests the three conductors, but located in the wrong places. Our
approximation reconciled these apparent contradictions.

CONCLUSIONS

We maintain that all types of EM measurements can be
viewed as spatial averages of the subsurface electrical conduc-
tivity distribution and that to each type of measurement there
corresponds a different weighting function. For some geophys-
ical methods, the averaging functions can be approximated
with relations independent of the conductivity of the ground.
The inverse problem becomes linear; it consists of recovering
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information about the unknown conductivity distribution from
a given set of its spatial averages. We apply these ideas to obtain
electrical conductivity images of the ground from traditional dc
resistivity, MMR, and low-frequency EM measurements. The
imaging technique produces reasonably good results even for

FIG. 3. Forward responses of a composite model made up of different conductive bodies (after Méndez-Delgado et al., 1999).
(a) Section view of the model. The length of all bodies is 200 m in the y-direction; (b) pseudosection of ρa for the dc dipole–dipole
array; (c) pseudosection of the MMR-TM anomaly (%) or the LIN-TM anomaly (%); (d) pseudosection of the MMR-TE anomaly
(%) or the LIN-TE anomaly (%); (e) pseudosection of σa for horizontal magnetic dipoles; (f) pseudosection of σa for vertical
magnetic dipoles.

complicated models. Perhaps the most distinctive feature of
the approach is that it produces a resistivity image directly
from the data, regardless of a background resistivity value,
adapting itself to complex backgrounds along the same pseu-
dosection. The model is the result of deaveraging the data,
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FIG. 4. Two-dimensional images obtained with the linear inverse algorithm using the synthetic data shown in Figure. 3. (a) Section of
electrical resistivity for the dipole–dipole array; (b) section of electrical conductivity from horizontal and vertical magnetic dipoles
data; (c) section of electrical conductivity rate from the MMR-TM or LIN-TM array; and (d) section of relative conductivity from
the MMR-TE or LIN-TE array. The rectangles show the positions of the original conductive bodies. In (b) we used joint inversion.

just as the data are the result of averaging the model. This is
most obvious when considering apparent conductivity or ap-
parent resistivity data because of the intuitive meaning that
has long been established between these quantities and the
real distributions in the ground. Avoiding a reference resis-
tivity value also has some computational advantages. Con-
sider a linear inverse operator Q that operates over a dif-
ferential data vector (d − d0) to produce a correction vector
(m − m0), where m0 stands for the reference model. The de-
sired model is m = Qd + (m0 − Qd0), as opposed to m = Qd in
our approach. Clearly the second equation saves unnecessary
computations. Furthermore, (m0 − Qd0) does not necessarily
vanish. It all depends on the ability of Q to reproduce the back-
ground.
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Esparza, F. J., and Gómez-Treviño, E., 1987, Electromagnetic sounding
in the resistive limit and the Backus-Gilbert method for estimating
averages: Geoexploration, 24, 441–454.

——— 1989, One-dimensional inversion of induced polarization data
for mediums with low-resistivity contrast: Geofis. Int., 28, 467–479.
(in Spanish).

——— 1996, Inversion of magnetotelluric soundings using a new in-
tegral form of the induction equation: Geophys. J. Internat., 127,
452–460.
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E., 1993, A simple method of magnetotelluric inversion in two di-
mensions: 3rd Internat. Congress, Brazilian Geophysical Society, Ex-
panded Abstracts, 2, 1461–1463.

Gill, P., Hammarling, S., Murray, W., Saunders, M., and Wright, M.,
1986, Users’s guide for LSSOL: A package for constrained lin-
ear least-squares and quadratic programming: Stanford Univ. Tech.
Report SOL-886-1.
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APPENDIX

WEIGHTING FUNCTIONS FOR ALL ARRAYS

We obtain the explicit expressions for the weighting func-
tions that relate the different types of measurements to the un-
known conductivity distribution. The expressions correspond
to the linear integral equations (14), (15), (17), (19), (22), (25),
and (32). They are all of the general form

d(r, rS) =
∫

v′
K (r, rS, r′)m(r′) d3r ′, (A-1)

where d(r, rS) represents measurements which can be σa,z ,
σa,y , MMR anomaly (%), LIN anomaly (%), or log ρa . The
value m(r′) is the unknown function, which can be σ , σ/σh , or
log ρ.

The weighting function for a given array is obtained by com-
paring the corresponding linear integral equation with equa-
tion (A-1). The weighting function for horizontal magnetic
dipoles is obtained from equation (15), taking the vector G0

Hy

from the magnetic dyadic Green’s function Ḡ0
H presented in

Table 2 and the expression for E1
hy from Table 1, and making

y= yS = 0 so that KHMD takes the form

KHMD = s

π

{[
1
ρ2

1

− (z′ + h)
ρ2

1 |r − r′| − y′2

ρ2
1

C1

]

×
[

1
ρ2

2

− (z′ + h)
ρ2

2 |r′ − rS|
− y′2

ρ2
2

C2

]

−
[

(x − x ′)y′

ρ2
1

C1

][
(x ′ − xS)y′

ρ2
2

C2

]}
,

(A-2)

where

ρ2
1 = (x − x ′)2 + y′2,

(A-3)
ρ2

2 = (x ′ − xS)2 + y′2,

C1 = 2
ρ2

1

+ 2(−h − z′)
ρ2

1 |r − r′| + (−h − z′)
|r − r′|3 ,

(A-4)
C2 = 2

ρ2
2

− 2(z′ + h)
ρ2

2 |r′ − rS|
− (z′ + h)

|r′ − rS|3 ,

and h is the height of the magnetic dipole over the half-space.
The weighting function for vertical magnetic dipoles is ob-

tained from equation (14), taking G0
Hz from the dyad Ḡ0

H pre-
sented in Table 2 and E1

hz from Table 1, and making y= yS = 0
so that KVMD takes the form

KVMD = s

π

[
y′2 − (x − x ′)(x ′ − xS)

|r − r′|3|r′ − rS|3
]
. (A-5)

The weighting function for the LIN-TM anomaly (%) is ob-
tained from equation (22). Using expressions (23) and (24),
and taking E1

hy from Table 1, we have
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KLI N−T M =

[
(rN − r′)
|rN − r′|3 − (rM − r′)

|rM − r′|3
]

•
{[

1
ρ2

2

− (z′ + h)
ρ2

2 |r′ − rS|
− y′2C2

ρ2
2

]
î +

[
(x ′ − xS)y′C2

ρ2
2

]
ĵ

}

2π

100

[
1

(n + 1)a
− 1
na

] . (A-6)

For the LIN-TE anomaly (%), the weighting function is ob-
tained from equation (25). Using expressions (23) and (26)
and E1

hz from Table 1,

KLIN−TE =

100
4π

[
(rN − r′)
|rN − r′|3 − (rM − r′)

|rM − r′|3
]
•
[−(y′ − yS)

|r′ − rS|3 î + (x ′ − xS)
|r′ − rS|3 ĵ

]
1
n

{ −1
[(2na)2 + a2]1/2

} .

(A-7)

The weighting function for the MMR-TM anomaly (%) is
obtained from equation (17), using G0

Hy from Table 1 and E0
hx

from Table 2:

KMMR−T M =

{[
1
ρ2

1

− (z′ + h)
ρ2

1 |r − r′| − y′2C1

ρ2
1

]
î +

[
− (x − x ′)y′C1

ρ2
1

]
ĵ

}
•

[
(r′ − rA)
|r′ − rA|3 − (r′ − rB)

|r′ − rB |3
]

2π

100

[
1

(n + 1)a
− 1
na

] . (A-8)

The weighting function for the MMR-TE anomaly (%) is
obtained from equation (19), using G0

Hz from Table 1 and E0
hy

from Table 2:

KMMR−T E

= 100
4π

[
(y− y′)
|r − r′|3 î −

(x − x ′)
|r − r′|3 ĵ

]
•
[

(r′ − rA)
|r′ − rA|3 − (r′ − rB)

|r′ − rB |3
]

1
n

{ −1
[(2na)2 + a2]1/2

} .

(A-9)

Interestingly, equations (A-6) and (A-8) for the TM arrays
are identical but were derived from entirely different princi-
ples. The fact that they are identical shows that the present
approximation obeys the reciprocity theorem. The same hap-
pens in relation to the TE arrays, as can be seen by comparing
equations (A-7) and (A-9).

For the case of the dipole–dipole resistivity array, the weight-
ing function is obtained from equation (32), using expressions
(33) and (34). The value KDD takes the form

KDD = −n(n + 1)(n + 2)a
4π

[
(r′ − rA) • (rM − r′)
|r′ − rA|3|rM − r′|3

− (r′ − rA) • (rN − r′)
|r′ − rA|3|rN − r′|3 − (r′ − rB) • (rM − r′)

|r′ − rB |3|rM − r′|3

+ (r′ − rB) • (rN − r′)
|r′ − rB |3|rN − r′|3

]
. (A-10)

Some very interesting and important properties of equations
(A-2), (A-5), (A-6), (A-7), (A-8), (A-9), and (A-10) follow by
considering the exact case of a homogeneous half-space:∫

v′
KVMD(r, rS, r′) d3r ′

=
∫

v′
KHMD(r, rS, r′) d3r ′ = 1, (A-11)

∫
v′
KLI N−T M(rM , rN , rS, r′) d3r ′

=
∫

v′
KLI N−T E(rM , rN , rS, r′) d3r ′ = 0, (A-12)

∫
v′
KMMR− T M(r, rA, rB, r′) d3r ′

=
∫

v′
KMMR− T E(r, rA, rB, r′) d3r ′ = 0, (A-13)

and ∫
v′
KDD(rM , rN , rA, rB, r′) d3r ′ = 1. (A-14)

For 2-D structures it is necessary to integrate the weighting
functions along the y-axis. In the cases of KHMD , KLI N , and
KMMR , the functions are very complicated and y-direction nu-
merical integration is required. However, for vertical magnetic
dipoles and for the dipole–dipole resistivity array, it is possible
to represent and compute the weighting functions in terms of
elliptical integrals—something that is more practical.

The process of integration in the y-direction of functions
KVMD and KDD is rather long (Perez-Flores, 1995). The main
steps are summarized below. The integral of KVMD can be
separated into two integrals:∫ +∞

−∞
KVMD(y′) dy′ = 2s

π

[∫ +∞

0

y′2 dy′√
(y′2 + c2)3(y′2 + p2)3

−
∫ +∞

0

(x − x ′)(x ′ − xS) dy′√
(y′2 + c2)3(y′2 + p2)3

]
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= 2s
π

(I1 − I2), (A-15)

where

c2 = (x ′ − xS)2 + (z′ + h)2 and
(A-16)

p2 = (x − x ′)2 + (−z′ − h)2.

The integral I2 in equation (A-15) was solved by formula
3.163.2 (Gradshteyn and Rizhik, 1965) and is expressed in
terms of complete elliptical integrals of the first and second
kind K (q) and E(q), respectively. The integral I1 of equa-
tion (A-15) is more complicated. There is no explicit solution
for this integral in existing tables, so we used a trick. Using for-
mula 3.152.2 (Gradshteyn and Rizhik, 1965) and then deriving
it with respect to p, we got an expression similar to the first
integral. Both integrals are valid only when c> p. So, the same
integrals (I2 − I1) can be solved when c< p. Also, it is necessary
to solve apart when c= p. In this way, the whole solution is

I1 − I2 =




2U
c3q

− 2(c2 + p2)E(q) − 4p2K (q)
cp2(c2 − p2)2

(
xSt + c2), for c > p, q =

√
c2 − p2

c2

2U
p3q

− 2(c2 + p2)E(q) − 4c2K (q)
c2 p(p2 − c2)2

(
xSt + p2), for c < p, q =

√
p2 − c2

p2
,

π

8

(
1
c3

− 3
c5
xSt

)
, for c = p

(A-17)

IAM =




4(c2 + p2)E(q) − 8p2K (q)
cp2(c2 − p2)2

(
xSt − z′2 + c2) − 4U

c3q
, for c > p, q =

√
c2 − p2

c2

4(c2 + p2)E(q) − 8c2K (q)
c2 p(p2 − c2)2

(
xSt − z′2 + p2) − 4U

p3q
, for c < p, q = p

√
p2 − c2

p2
,

π

4

[
1
c3

− 3
c5

(
xSt − z′2

)]
, for c = p

(A-23)

where xSt = (x ′ − xS)(x − x ′) and

U = E(q)
q(1 − q2)

− K (q)
q

. (A-18)

The complete elliptical integrals were computed numerically
with approximations from Abramowitz and Stegun (1972).

For the dipole–dipole array each term of equation (A-10)
can be expressed in the form

(r′ − rS) • (r − r′)
|r′ − rS|3|r − r′|3 = (x ′ − xS)(x − x ′) − y′2 − z′2√

(y′2 + c2)3(y′2 + p2)3
,

(A-19)
where

c2 = (x ′ − xS)2 + z′2 and p2 = (x − x ′)2 + z′2. (A-20)

Then the integral of KDD has the form

∫ +∞

−∞
KDD(y′) dy′ = n(n + 1)(n + 2)a

4π

× [IAM − IAN − IBM + IBN ].

(A-21)

The integrals are similar to those in equation (A-15), so that

IAM = 2

{ ∫ ∞

0

[(x − x ′)(x ′ − xS) − z′2] dy′√
(y′2 + c2)3(y′2 + p2)3

−
∫ ∞

0

y′2 dy′√
(y′2 + c2)3(y′2 + p2)3

}
. (A-22)

Then the solution is similar to KVMD ,

where xSt = (x ′−xS)(x−x ′). An expression equivalent to equa-
tion (A-23) is also derived by Loke and Barker (1995).


